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Abstract. In this paper, we prove some a priori stability estimates (in weighted 
Sobolev spaces) for the spatiaUy homogeneous Boltzmann equation without an- 
gular cutoff (covering every physical collision kernels). These estimates are con- 
ditioned to some regularity estimates on the solutions, and therefore reduce the 
stability and uniqueness issue to the one of proving suitable regularity bounds on 
the solutions. We then prove such regularity bounds for a class of interactions 
' including the so-called (non cutoff and non mollified) hard potentials and moder- 

, ately soft potentials. In particular, we obtain the first result of global existence 

and uniqueness for these long-range interactions. 
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1. Introduction 

1.1. The Boltzmann equation. The Boltzmann equation (Cf. [3] and [U]) de- 
scribes the behavior of a dilute gas when the only interactions taken into account 
are binary collisions. In the case when the distribution function is assumed to be 
independent on the position x, we obtain the so-called spatially homogeneous Boltz- 
mann equation, which reads 

(1.1) ^(t,v) = Q{fJ){t,v), t;eM^, t>0, 

1 
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where > 2 is the dimension. In equation (jl.lj) . Q is the quadratic Boltzmann 
collision operator, defined by the bihnear symmetrized form 

Q{9J){v) = ]: I B{\v - v^\,cos9) {g'J' + g'f!,- gj - gf^) dv^.da, 

where we have used the shorthands / = /(f), /' = f{v'), (7* = 5'(f*) and g'^ = g{v'^). 
Moreover, v' and v'^ are parametrized by 



, v + v^. \v-vJ , v + v^ \v-vA 

V = cr, = (T, cr G 

2 2*2 2 



Finally, 9 G [0, n] is the deviation angle between v' — v'^ and v — v^, defined by 
cos^ = (f'— f^)-(f — f*)/|f — and B is the Boltzmann collision kernel determined 
by physics (related to the cross-section S(f — v^^, a) by the formula B = \v — S). 
We also formally denote 

Q+{f,f){v)= [ B{\v-v,\,cos9)f'J'dv,da 

the gain part of Q, and 

L{f){'") = / B{\v — v^,\, cos 9) f^^dv^, da 

jR^xS^-i 

the linear operator appearing in the loss part Q~ of Q. 

Boltzmann's collision operator has the fundamental properties of conserving mass, 
momentum and energy 

(1.2) / Q{f,f)^{v)dv = 0, (P{v) = l,v,\v\^ 

and satisfying Boltzmann's H theorem, which writes (at the formal level) 
d 



dt 



f log fdv = - Qifj)\ogif)dv>0. 



1.2. Assumptions on the collision kernel. We shall consider the following as- 
sumptions on the collision kernel B: 

HI. It takes the following tensorial form (with $,6 nonnegative functions) 

B{\v - cos^) = ^{\v - f^l) b{cos9). 

H2. The angular part is nonnegative, smooth (or at least locally integrable) for 
9 G (0, vr], and such that 

6(cos^) r^e^oCh9-^''-'^~'' 

with z/ G (—00, 2) and Cb > 0. 



STABILITY FOR THE BOLTZMANN EQUATION WITH LONG-RANGE INTERACTIONS 3 

As for the "kinetic" part $, we make one of the following assumptions: 
H3-1. The function z ^ ^^A) is strictly positive, C°°, such that 

for some C$ > and 7 G (0, 1], and satisfies the bounds 

for some C$^p > 0. 
H3-2. The function z ^ '^'(l-^l) is strictly positive, C°°, such that 

for some (7$ > and 7 G (— A^, 0], and satisfies the bounds 

V^gM^, J9GN*, <C$,p, 

for some C$,p > 0. 
H3-3. The function z ^ ^^A) is given by the explicit formula 

^{\z\) = C^\z\\ 

for some C$ > and 7 G (0, 1]. 
H3-4. The function z 1— > is given by the explicit formula 

^(\z\) = C^\z\\ 

for some C$ > and 7 G (— A^, 0]. 

Our assumptions (more precisely, H3-3) cover in dimension 3 the hard spheres 
collision kernel B{\v — f*|,cos^) = est \v — v^\. It also covers (still in dimension 
3) collision kernels deriving from interaction potentials behaving like inverse-power 
laws. More precisely for an interaction potential K(r) = cstr~*, B satisfies our 
assumptions with the formulas 7 = (s — 4)/s and v = 21 s (see j3]). One traditionally 
calls hard 'potentials the case s > 4 (for which < 7 < 1, and which corresponds 
to H3-3), Maxwell molecules the case s = 4 (which corresponds to H3-2 with 
7 = 0), and soft potentials the case 1 < s < 4 (for which — A^ < 7 < 0, and which 
corresponds to H3-4). 

Assumptions H3-1 and H3-2 correspond to cases when B is artificially smoothed 
around with respect to v — v^. 

Since v = 2/s for potentials in r~^, only the non-negative v are physically mean- 
ingful (as far as inverse power laws are concerned). The case of negative z/, corre- 
sponding to the so-called angular cutojf, is a simplification. 
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1.3. Goals, existing results and difficulties. The stability of the spatially ho- 
mogeneous Boltzmann equation for hard potentials (or hard spheres, or Maxwellian 
molecules) with angular cutoff was proven, in weighted spaces, by Arkeryd |2] . 
The special structure of the Maxwellian molecules makes it possible to prove the 
stability (and consequently the uniqueness) of the corresponding spatially homo- 
geneous Boltzmann equation without angular cutoff using Fourier transform and 
Wasserstein-like distances (Cf. |21])- A recent work of Fournier [13j shows by prob- 
abilistic means that this stability also holds without angular cutoff for "kinetic" 
sections $ which are not of Maxwellian molecules type but are bounded and smooth 
(this more or less corresponds to our hypothesis H3-2), and for moderate angular 
singularities (that is u g]0,1[). This recent paper is an important step in the ap- 
plication of contraction metrics approach for non constant collision kernels, even if 
up to now it does not consider physical collision kernels apart from the Maxwell 
molecules one. 

Hence, as far as we know, no stability (or uniqueness) result is known for "true" 
hard or soft potentials. Here, we show that stability holds for any kind of inter- 
actions, as soon as suitable regularity bounds are at hand. Then, we prove these 
required regularity bounds for a class of models including "true" hard potentials 
and moderately soft potentials. Our approach is complementary to the one of 
Fournier in the sense that our stability is in a stronger space (that is in a 
weighted W^'^ space instead of a measure space), for more general cross-sections, 
but leads to a uniqueness result holding for a smaller set of initial data. Our method 
of proof is also completely different. It is based on the use of integrations by parts 
for finite differences of a special kind. 

We shall devote a separate forthcoming work ^10, to the question of the asymptotic 
behavior when t — » +oo of the solution of the spatially homogeneous Boltzmann 
equation without cutoff, on the basis of the Cauchy theorems established in the 
present work, new entropy production estimates, and the approach developed in jU] . 

1.4. Notation. We denote (■) = (1 + | ■ p)^/^. We shall systematically use the 
following notations (s G M, p G [1, +oo), A; G N) 

ll/III. := / \f{v)f{vrdv, ll/IU^ := sup \f{v)\ {vy 

and 

0<|i|<fc 0<|i|<fc 

where 9* denotes the partial derivative related to the multi-index i. In the case 
p = 2, we denote = Wg'"^. We finally use the notation x+ for the nonnegative 
part of s G M, defined by x+ = max{a;, 0}. 
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1.5. Statement of the results. We first state the key a priori stabihty theorem 
for moderate angular singularities: 

Theorem 1.1. Let B be a collision kernel which satisfies H1-H2 with u < 1, and 
let f,g E L°°{[0,T]; Ll fl LlogL(M^)) be two nonnegative solutions to the spatially 
homogeneous Boltzmann equation associated to B, on some time interval [0,T]. 

We assume first that B satisfies H3-1, H3-2 or H3-3. For any q > 2, we have 
the following a priori bound 

(1.3) Vt G [0,T], \\f{t,-)-git,-)\\Li < ||/o-^7o|Ui expiCst), 

with 

C, = cst sup \\fit,-)\\w^,i + sup \\g{t, 

\te[o,T] 9+(i+7)+ te[o,T] 9+(i+7)+^ 

We assume then that B satisfies H3-4. We still have il.!^} for any q > 2, but 
with 

= cst sup nLP+ sup II ■) lliy^ ^ ^ nLP /' 

ye[o,T] 9+(i+7)+ te[o,T] 9+(i+7)+ 

where p > N/ {N + 7) ^/ 7 + 1 > 0, and else 

= cst sup \\fit,-)\\y^,i,i nLw + sup ||V/(t, •)||Lf2 
ye[o,T] 'j+(i+7)+ te[o,T] 

+ sup ||^(t, ■) 11^4.1.1 ^ ^ nLfi + sup ||V^(t,-)l|LP2 

te[o,T] <7+(i+7)+ te[o,T] 

where pi > N/{N + 7) and p2 > N/{N + 7 + 1). 

We also give a proposition stating the stability result for strong angular singular- 
ities. For the sake of simplicity, we do not write down the explicit estimate in this 
case for "true" soft potentials (case H3-4), but it can be obtained from our proof. 

Proposition 1.2. Let B be a collision kernel which satisfies H1-H2 with 1 < u < 
2, and let < f(t,-),g{t,-) G L^ be two solutions to the spatially homogeneous 
Boltzmann equation Hl.l]) associated to B, on some time interval [0,T]. We assume 
first that B satisfies H3-1, H3-2 or H3-3. For any q > 4, estimate il.^J^) holds 
with 

= cst sup ||/(t, OIU^,! + sup \\g{t,-)\\w^.\ 

\te[0,T] 9 + (2 + 7)+ ie[0,T] <3 + (2 + 7) + 
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Second, we state a theorem summing up what we obtain for the Cauchy theory 
by combining the previous a priori stabihty estimates (that is, Theorem II. Ij) with 
results on the propagation of smoothness which are either already known (when 
z/ < 0, that is, for cutoff cross-sections) or new (when u G [0,1), that is for non 
cutoff cross-sections). 

Theorem 1.3. Let B be a collision kernel which satisfies H1-H2 with u < 1. 

• If B satisfies H3-1, H3-2 or H3-3 and /(O, ■) is an initial datum belonging 
to Wg'^ for some q > 2, there is a unique global solution to eq. / li.ij) in the 
space Wg'^. 

• If B satisfies H3-4 for 7 > —1, and /(O, ■) is an initial datum belonging 
to W^'^ n for p > and q > 2, there is a unique local (that is, on a 
certain time interval [0,T]) solution in the space W^'^ fl L^. Moreover, this 
solution is global (that is, T = +00) when 7 G (— z^, 0] and q is big enough 
(depending on 7, u). 

Remark 1.4. Hence in dimension N = 3 where v = 2/s and 7 = (s — 4)/s 
for potentials in , this theorem yields global existence and uniqueness results for 
any "true" hard potentials (4 < s < +00) and "true" moderately soft potentials 
(2 < s < A). Indeed in these cases, one has < u < 1 and —v < 7 < 1. Note 
however that our method, like that of Fournier, does not seem to work for strong 
angular singularities (1 < u < 2), even if the kinetic part $ of the cross-section is 
very smooth. As a consequence. Proposition has not yet found an application 
(that is, it gives a result of uniqueness without existence. . . ) 

1.6. Plan of the paper. Section |21 is devoted to the proof of Theorem 11.11 and 
Proposition II. 21 The case of "true" soft potentials H3-4 is somewhat different from 
the others, and it is therefore treated separately. 

Then, Theorem 11.31 is proven in section El Once again, the case of "true" soft 
potentials deserves a special treatment. 

2. Proof of the stability estimates 

Proof of Theorem 11.11 and Proposition 11.21 Without restriction (since Q is 
taken in symmetrized form), we replace in the whole paper the cross-section B by 
its symmetrized form with support included in 6 G [0,'7r/2]: 

-Bsymd^^ - t;*|,COs6') = 

where 1e denotes the usual characteristic function of the set E. 

Let 5 be a collision kernel which satisfies H1-H2 and one of the assumptions 
H3, and f{t,-), g{t,-) > be two solutions on [0,T] to the associated spatially 



B{\v — cos^^) + B{\v — cos(7r — 9)) 



Lcos6l>0; 
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homogeneous Boltzmann equation (jl.lj) . Let us define D = f — g and S = f + g. 
The evolution equation for D reads 

^ = Q{fJ)-Q{g,g) = Q{S,D). 

2.1. Hard potentials or mollified soft potentials. Let us first assume H3-1, 
H3-2 or H3-3. 

We split b = bl+b'^ with b^ = b l6)e[£,7r/2] (the cutoff part), b^. = l—b^ (the remaining 
part), and e G (0,7r/2] to be fixed later. This induces corresponding splittings of 
the collision kernel B = Be + Br and of the collision operator Q = Qc + Qr- 

Then, we have 

'^"D\\li< [ Qr{S,D)sgn{D){vydv+ [ Q,{S, D) sgn{D) {v)" dv =: h+h. 



For the cutoff part, we estimate 



2/2 = 2 / Q,{S,D)sgYi{D){vYdv 

= I [S',D' + S'D', - S,D - SD,] sgn{D) (t;)" B, 
<l iSl\D'\ + S'\D%-S,\D\-S\D,\) {v)''B, + 2 f S\D,\ {v^ B, 



= 2 / Q,{S,\D\){vYdv + 2 / S\DA{vYB,, 

which implies 

h<C ! Q,{S,\D\){vYdv 



+ C, f \D,\S {vY+^+ {v,y+ dv.dv =■ h,i + h,2, 



where the constant > depends on e > via the L} norm of 6^ on the sphere 
S^^i (which possibly blows up as e — 0). 
The /2,2 term is controlled (for g > 7+) by 



h,2<CeC,\\D\\L^^ <C;||D|Ui. 



The 12,1 term writes, using the pre-post-coUisional change of variable (see j^Zl 
Chapter 1, Section 4.5]): 

/2,i= / \D,\S^\v-v,\) ( [ [{v'Y + {vlY - {vY - {v,Y]blda] dvdv,. 
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Then, we shall prove (for q > 2) 



{vT + {<)' - {vY - (i;,)^ 
< est 



hi da 



hi da 



\vV'^ \vA + \v\ \v.A'^''^ 



K 



for again some eonstant > possibly blowing-up as e — 0, and some eonstant 
K > Q independent of e. 

The proof of this inequality is straightforward, using the kind of Povzner inequal- 
ities in |29| I18j. Indeed, |TH1 Lemma 1] implies that 



COS 9 sin 9 — K„ 



{vY + {v*Y 



eos^ 9 sin^ 9 



for some eonstant Kg > depending only on q (note that the proof in ^H] is done 
in dimension 3 but straightforwardly extends to any dimension). Note also that in 
the ease of moderate angular singularities u < 1, the eonstant indeed does not 
blow up as e goes to infinity. 

Henee, using that g > 1 + 7+, that g — 1 + 7+ < g (sinee 7+ < 1 and g > 2), and 
also that 



S'(f*) $(f - f^,) dv^ > est {vY 
thanks to the entropy bounds on / and g, we get 

with possibly blowing up as e ^ 0, and K' independent of e. 
The remaining non eutoff part writes 



Qr{S,D)sgn{D) {vYdv 



$6. 



S'^D' - S,D sgn(D) {vY dv dv, da 
D'^S' - D,S\ sgn(D) {vY dv dv, da =: + /i,2. 
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The Ji 1 term is the easiest to deal with: 



[S',D' - S,D] sgn(D) {vy <^{\v-v,\)bl dvdv, da 



< 



Dsgn{D'){v'Y -\D\{vY ^{\v-v.\)hldvdv,da 
S,\D\ [{v'Y~{vY] ^\v-v,\)^.dvdv,da 



1 


'{vr - {vY_ 


hi da 









< / S,\D\mv-v,\) 

Then we shall prove a simple lemma, which is a variant of [HI Lemma 2.3]. 
Lemma 2.1. Let q > 2, then 



dv dv^. 



(vy -{vy b{cose)da 

<C ( [ 6(cos 9) sin 6/2 da] \v ~ v,\ {vy-^ + (u,) 

Let q > 4:, then 

{v'y - {vy] b{cose) da 



•) 



9-1 



< c 



b{cos 9) {sine /2f da] \v - v,\'' {v^-^ + {v,) 



\<?-2 



In those formulas, the constants C > depend only on q. The same formulas are 
true when {v,v') is replaced by 

Proof of Lemma \2.1l The proof is straightforward by using integral Taylor expan- 
sions of u G [0, 1] (-^ {v'y}'' G M (denoting v'^ = {1 — u)v + uv'). 
At first order, one gets 

{vr-{vy = q tKY-'v:-{v'-v)du, 



which is enough to prove the first inequality. 
At second order, one gets 



+ q 



W -v\' + {q-2) {v'J"'' \v' -v\' (1 - du. 
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This is enough to prove the second inequahty as soon as one notices that 

{vy-'^ V iy' - v) b{cose) da = 



gN-l 



by gathering antipodal points of the (A^ — 2)-dimensional sphere §^ ^n(f — f*)^. □ 

We turn back to the proof of Theorem 11.11 and Proposition II . 21 in the case of hard 
or smoothed soft potentials. 

From Lemma f2. 11 we deduce that when q >2, 



I 



where C > is independent of e, and 



hi da 



<CmM) {vYiv^Y, 



mi{hl 



giV-l 



6^(cos^) sin^/2dcT 



is a finite quantity which goes to as e goes to 0, under the assumption z/ G (0, 1). 
For Q' > 4, one also has the control 



/ 



{v'Y - {vY 



hi da 



<Cm2{hl){vY{v,Y 



with 



m2{hl)= I hlicos 9) {sine/ 2Y da 



which is finite and goes to as e goes to 0, for any u < 2 (that is the whole physical 
range) . 

Therefore assuming q > 2 when u < 1 (case of Theorem 11.111 or g > 4 when 
1 < u < 2 (case of Proposition II. 2j) . we obtain that Ji i is controlled by 

times some constant which goes to as e goes to 0. Thus 

hl<— \\D\\rl 

for e small enough. 

We now come to the most difficult term to estimate, and the crucial point in the 
proof. That is the use of suitable changes of variables which play (loosely speaking) 
the role of some integration by parts for the "integral differentiation-like operators" 
appearing in the collision operator for grazing collisions. 

At this point, in order to keep tractable notations, we keep on with the proof only 
under assumption H3-3. It can be checked easily that the proof also works under 
assumptions H3-1 and H3-2 (replacing 7 by 7+ if necessary, and using bounds on 
the derivatives of $). 
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The Ii^2 term writes 

/i,2= [ [D'.S' - D,S]sgn{D){v)''\v -v,\nidvdv,da 

J V,Vf ,CT 

= f D,S[sgn{D'){vy ~sgn{D){v)'']\v -v,ybldvdv,da 

•J V,Vt ,(J 

D,sgii{D){vY 



< 



S{(f)„{v,v^)) 
(cos^/2)^+^ 



S] \v — v^l"' b^dv dv^da 



-S] hi da 



\v — ti^r dv (if*, 



^^-1 V (cos 0/2)^+^ 

where we have used the change of variable from cancellation lemmas in pj (which is 
possible since h has its support included in [0, vr/2]). The variable (p^iy^v^) denotes 
the inverse application of f i-^ f ' keeping and a frozen (it is given explicitly in pQ). 
Let us denote v = (paiv.v^). 

We split the integral on the sphere into three parts 



S{v) 



s^-i V(cos^/2)^+T 



S ]hlda 

S{v){vr - S{v){vr 
(cos^/2)^+7 



+ 



[cos^/2) 



- 1 bldaSiv) {vY + 



{vY - {vY 

sN-i V (cos 0/2)^+^ 



S{v) hi da, 



which yields a corresponding splitting of /i^2 into three parts Ji 2,1 + /i,2,2 + -^1,2,3- 

For the /i_2,3 term, we use again the change of variable defined above, but back- 
ward: 



/i,2,3| <C / \D,\S{v)\v-v, 



\{v'Y-{vY\ hi da] dvdv. 



and we apply again Lemma f2. II fwith g>2ifz/<lorg>4ifl<z/<2)to get by 
choosing e small enough 

-'1,2,3 < -r -D Li ■ 

For the /i 2 2 term, we have 



1 



(cos^/2)^+^ 



< Cd-cosi 



and so 



/i,2,2<CC,m2(6^) \\D\\li . 
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Hence, choosing again e small enough, we get 

K' 

/l,2,2 < -J \\D\\lI^^- 

Finally, for the /i_2,i term, we denote Vu = {1 — u) v + uv ioi u E [0, 1] and we 
Taylor-expand v ^— S{y){vY. Let us first suppose that u < 1. Then, it is enough to 
go to first order: 

S{v){vY - S{v){vY = f V{S{-Y){v^) -{v-v) du, 

Jo 

and using the identity |-u — f | = tan^^/2 |f — we get 

/i,2,i<C / \\/iS{-)'')\{vu)\v ~ v^l-'^^ {tan9/2)bl\D,\dvdv,dadu. 

JlR2JVxS^-ix[0,l] 

When u, v^, and a are fixed, the change of variable v ^ Vu has its Jacobian deter- 
minant bounded by a constant, and for any u G [0, 1], 



\V — V: 



^ C \ Vu 



17+1 



hence 



h,2,i<C [ [ \\/iS{-)'^){v)\\v-v,\''+^{tan9/2)bl\D,\dvdv,dadu 

J[0,1] Jk2JVxsJV-i 



for some constant C > independent of e. 
Thus, remembering that u < 1, we have 



/ (sin^/2)6^rf(T < +00 



and so (for g > 7 + 1) 

-^1,2,1 < C Cs ||-D||li. 

Let us now briefly explain how to adapt this proof when 1 < u < 2 (case of 
Proposition II .21) . In order to cancel singularities of order 2, we Taylor-expand at 
second order: 

S{v){v)'' - S{v){v)'' = V{S{-y){v) ■{v-v)+ [ V^Smivu) ■ {v ~ v) ■ {v - v) du. 







Then, the key remark is that when v,v^:,d are fixed, the unit vector a describes a 
sub-sphere of dimension (A^ — 2) included in S^^^, and the integral of the first order 
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term over this sub-sphere is zero by gathering antipodal points. Therefore, we get 
/i,2,i<C / \V'^{S{-y)\{vu)\v -v^l^^"^ {time/2fhl\D,\dvdv,dadu. 

Using the same backward change of variable as in the case z/ < 1, we deduce 
h,2,i<C [ [ \V^{S{-)''){v)\\v-v,\''+^tan9/2)Hl\D,\dvdv,dadu 

J[0,1] Jk2JVxsJV-i 

<C ( [ (tan 0/2)2 6^ da^ II ^11 2,1 \\D 



" "-7+2' 



for some constant C > independent of e. Thus, since 

/ {sme/2f bl da < +00, 

we get again (for g > 7 + 2) 

-^1,2,1 < C Cs\\D\\li. 

Combining all the previous estimates, we deduce (for q > 2 when u < 1 and g > 4 
when 1 < 1/ < 2) 

^\\D\\li< C+\\D\\l. - K^\\D\\li^ , 

dt ' "J+T 

which concludes the proof of Theorem 11.11 and Proposition 11.21 in the case when 
assumptions H3-1, H3-2 or H3-3 hold. 

2.2. Non mollified soft potentials. We now assume that H3-4 holds (that is, 
in particular, 7 < 0). We do not need to perform the splitting between cutoff and 
non-cutoff parts since large velocities are well-behaved, but another difficulty occurs 
because of the singularity of the kinetic collision kernel $ for small relative velocities. 
We write the proof shortly, pointing out the differences with the previous subsection. 
We have again 

Q{S,D)sgn{D) {vYdv 

= I <^b[SlD' - S,D]sgn{D) {vydvdv.da 

+ / <^b[D',S' - D,S]sgn{D) {vYdvdv.da =: h + I2. 

jR^xR^xS^-i 

For the Ii term again, we use Lemma f2. II to deduce (assuming q > 2) 



:2.i] 



{{v'Y - {vY)bda 



<csi{{vY+{v,Y)- 
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Then we compute (for p > N/{N + ^)) 



v,v»,cr 



I [S[D' - S^D] sgn(D) {vY \v - v^^ h dv dv, da 

S,[Dsgn{D'){v'y - \D\{vY] \v - v,\"' b dv dv^ da 
< I S^\D\[{v'Y-{vY]\v-v^yhdvdv^da 

J v,v*,a 

<C I S,\D\\v-v,\''[{vY + {v.Y]dvdv, 
<c[d{vy([ S,+ [ S,\v-v,A 

J \J\v-v^,\>l J\v-v,\<l / 

+ c[d([ S,{v,Y+ [ s,\v-v,mv,Y) 

<C j D {vY (\\S\\l^ + II^IIl.) +C Jd (^\\SU. + est {vY \\S\\l. 



The I2 term writes again 



/ [D',S' - D,S] sgn(D) {vY\v-v,\ndv dv, da 

D,S[sgn{D'){v'Y - sgn{D){vY] \v - v,\^bdvdv, da 
S{(l)^{v,v,)) 



< I D,sgn{D){vY 

'v,v*,a 



< f \D*\{vY f 



cos^/2)^+^ ^ 
S{(f)^{v,v,)) 
(cos^/2)^+^ 



\v — vj"^ bdv dv, da 



— S \ bda 



\v — v,y dv dv,, 
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where the spherical integral splits into 
S{v) 



N-i \{cose/2)^+'f 



S ] bda 



s{v){vy ~ s{v){vy 



+ 



[cose/ 2) 



(cos 0/2)^+^ 
- 1 ) hdaS{v) {vY + 



bda 



{vY - {vY 
[cose/2) 



S{v) bda, 



which in turn yields a corresponding splitting of I2 into three parts /2,i + 12,2 + -^2,3- 
For the 12,3 term, we use again the change of variable of cancellation lemmas 
backward and we use ()2.1|1 (for p > N/ (A^ + 7)): 



h3<C [ \D,\S{v)\v-v,p ( f 



For the /2,2 term, using again 

1 



\{v'Y-{vY\ bda) dvdv. 



<C \\S 



\S\ 



LP 



\D\ 



(cos e/2) 



< C(l -cos^). 



we get 



-^2,2 ^ C ( ll^llii + ll^llLP 



\D\ 



Finally, for the /2,i term, we assume first for simplicity u < 1 and we denote 
Vu = iX — u) V + uv . We Taylor-expand S{-Y'- 



hi < C 



xS^-ix[0,l] 



\^i.S{-Y)\{vu) \v - v,y+^ (tan^/2) b\D,\ dvdv, dadu. 



1,1 

9+1+7 



\D\ 



Hence we deduce 

(2.2) /2,i <C ( [ {tane/2)bda] 
when 7 + 1 > 0, and 

(2.3) l2,i<c(^j^ (tane /2) b da^ (^\\S\\^i,i + \\VS\\lp^ \\D\ 

with p > N/ {N + 7 + 1) else. The case 1 < u < 2 can be treated in a similar way 
by Taylor-expanding at second order as in the previous proof. 
Combining all the previous estimates, we obtain 

^\\D\\li < Cs\\D\\l1, 

dr " " ~ " " 
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which concludes the proof of Theorem 11.11 and Proposition 11.21 

3. Proof of the estimates on the propagation of smoothness 
We now turn to the 

Proof of Theorem II. 3t We begin the proof (Subsection under the assump- 
tions HI, H2 with < 1 and (H3-1, H3-2 or H3-3). We detail only the cases of 
assumptions H3-3 or H3-4, since the two other cases are similar (and somewhat 
simpler) . 

3.1. Hard potentials and mollified soft potentials. We assume that (for some 
g > 2), we have an initial datum /(O, ■) G Wq'^{M.'^), and we consider a solution / 
to the spatially homogeneous Boltzmann equation p.lj) . 

We split Q (and correspondingly B, b) like in the previous section into two oper- 
ators Qc and Qr- Then, we compute (for g > 2), denoting by d^f any (first order) 
partial derivative of / with respect to one of the components of v, the following 
quantity: 



d 
di 



\dj\{vrdv= / Qr{f,dJ)sgn{dJ){vydv 



+ 



[ QcU,dJ)sgn{dJ){vYdv:=h + h. 
We first consider the term I2 corresponding to the cutoff part: 

l2 = [ \ndj' + fdj: - UdJ - fdj} sgn(5,/) {vY 

< [ \n\dj'\ + mru- f\dM]{vrB,+2 [ fidMivys, 

QcifAdJ\){vYdv + 2 [ f\dJ,\{vYB,. 



Arguing as in the proof of the stability estimates, we get 

(3.1) ^/ \dJ\{vYdv<a\\dJ\\L.-K\\dJ\\,. 

where depends on and e (indeed, as explained in the proof of the stability 

estimates, since u < 1 the constant can be taken independent of e) , and K only 
depends on a constant C > such that 

/ 1^ — v*\'^ dv^ > c {vy. 
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We now turn to the non cutoff part. We write 
h-- 



+ 



fid J' + fdj: - UdJ - fd,U\ sgn{dj) {vyBr 
sgn{djy{vr + sgn{dj): {v:r-sgn{dj) {vy-sgn{dj). {v,)^] fM Br 
sgn{dj'){vl) - sgn{d^f){v^) f^d^f{v) {v^}" 

(/* \dj{v)\ + f \dj{v,)\) \v - v,\^ =: Ji,i + Ji,2. 



< 



The term I12 is easily controlled thank;s to Lemma f2. II 

h,2 < 5{e) WOJWl 



- 1 

^9+7 



with 5{e) — > as e ^ 0. 

We now focus on the most difficult term Ii^i. Since the proof makes use, in the 
sequel, of an intricate kind of integration by parts, we write down first the simple 
case when the dimension is = 2, for the sake of clarity. 

In this case (A^ = 2), we define the change of variables v,, ^ w (for given f, 9), 
where 



w = 



Rf, 



V - 



[Re denotes the rotation of angle 6), whose Jacobian determinant is clearly (cos6'/2)^ 
and which can be inverted in 



R e w + sin 77 -Rif 

~2 ^ 2 

COS I 



Using this change of variables in the first part of the integral (and the fact that 
|f — w| = cos6'/2 |t> — t>*|), we obtain 



sgn((9„/)(w) d^f{v) 6r(cos6') 



'vm'^ Jwm'^ Je=o 
^{ f{v*iv,w,9)) (v^{v,w,6)Y \v — v^{v,w,6) \ ' | cos 

—f{w) {wY \v — w\^'^ dO dw dv 

< I I [ sgn{dJ){w)dJ{v)br{cose) 
Je=o 



e 
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2-7 



cos- 



+ 



+ 



tjgK^ Jw&R'^ Je=o 



f{w){wy \v — w\"' dO dw dv 



-2-7 



sgn{dv f){w) dyf{v)br{cos 6) cos 



X {/(■"* ("^5 "W^; ^)) — fi'w)} {"^y 1"^ ~ wp d6 dw dv 



sgn{dyf ){w)dyf{v)br{cos9) ( cos ^ 



x{{v^{v,w,9))'' - (w)'^} f{v^{v,w,9)) \v - wp dOdwdv =: + /i,i,2 + -^"1,1,3- 
The first term Ji 1 1 is controlled thanks to 



9 

cos- 



-2-7 



< C(l-cos^) 



which yields 

h,i,i < est ||<9^/||li. 
The third term /i^i.s is controlled thanks to the argument of Lemma f2. 11 

h,i,3<S{e)\\dJh^ . 



9+7 



Finally we use integration by parts (according to v) on the second term Iia,2 (and 
the fact that the differential in v of v^{v,w,9) has bound tan6'/2): 



e / Q\ -3-7 

br{cOS 9) I COS 

61=0 



sin ^ ) fiv) 



X \d^f\ (^v^{v,w,9)) \v — wl"^ {wY d9dwdv 



+7 



fo^fcos ( 



61=0 



COS - 

2 



-2-7 



f{v) 



< 



+7 



X \f {v^{v,w,9)) — f{w)\ \v — ^{w)''d9dwdv 

br{cos9) (tan-j f{v){v'^)'^\v — v^\'^\dvf{V:t)\d9dv^:dv 



bricos I 



9 

cos- 



-3-7 



sin - ) f{v) \v — w\'^' {wY 



=0 Jn=0 

X \dvf\ ((1 — u)w + uv^{v, w, 9)) du d9dw dv 

where lime_^o'^(^) = 0. Here, we have assumed that is bounded (this norm 

is known to be at least propagated, Cf. for example). 
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Then, using estimate (j3.1|) . we see that (optimizing e), the proof of the theorem 
is complete. 

Let us now explain how to deal with the general case of dimension N >2. 
In the formula for Ji i 



sgn{d^f){v'J - sgn{d,of)iv,) f^d^f{v) {v^Y Br 



we use the change of variable v^, ^ w (for given a) where 

w = v^ = — 

which can be inverted in 

= v^{v,w,a) = 2w — V + 
and whose Jacobian determinant is 



\v — w\ 



{v — w) ■ a 



J = 2 



N-l 



We get 

hA < 



{{v — w) ■ cr)2 

sgn{d.af){w) f {v^{v,w,a)) d^fiy) 
X {v^{v,w,a)Yhr -1 + 2 



W — w 



2 \ 7 



V — W 



a 



V — w\ 



— w) ■ a 



\v — w\ 



da dw dv 



V — w 
\v — w\ 



■ cr 1 da dw dv 



sgn{d^ f){w) f{w) d^f{v) \v - w]'^ (w)" hr 
and using the decomposition of the unit vector a: 

a = cos y r + sm u n, 

1^; — w\ 

where n G 5^^^ fl (f — w)^ and < 9 < e (we look here to the non cutoff part of 
the cross-section), we end up with 



A,i< 



v,w Je=0 Jn£S^-'^n{v-w)-' 



sgn{d^f){w) f{w + ta.B.9 \v — w\ nj dyf{t 



X \v — wp + tan^ \v — w\ n) 



q fer(cOs(2g)) ^.^^_2 
COs2+7 d 



sin 9 dn d9 dw dv 



w J 9=0 Jnes^-^n{v-w)-' 



sgn{d,J){w) f{w) d^f{v) \v - 
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X {wY 6^ (cos 9) sin^ ^OdndO dw dv 

After integration by part (in v), and the use of the change of variables 6 = 26 in the 
first term, we obtain 




S=o JneS^-'^n{v-w)^ 

7-iV 



sgn(5^/)(w) \v - w\ 



f{w-\-tdin.5/2\v — w\n) (cos-j {w -\-tdiXi 5 /2\v — w\ny — f{w) {wY 
dvf{v) 6r(cos 5) sin^~^ 5 dn d5 dw dv 



+ 




2e 



v,w J 5=e J neS^-'^n{v—w)-'- 



sgn(dvf){w) \v — (w + tan5/2 1^ — w\ nY 



X f{w + 1^X15 /2\v — w\n) {dvf){v) ( cos - 



-7-Ar 



hr (cos 5) sin 5 dn d6 dw dv 



—■ h,i,i + h,i,2 + Ii,i,3- 
Then for the first term hn we have 




'v,w J 5=0 JneS^-'^n{v-w)^ 



f{v)sgn{dyf){w) \v-w 



7-1 



f(w + ta.n6/2\v — w\rij (^os-j (^w + tan6/2\v — w\ny — 

br{cos5) sm'^~'^ 5 dndd dw dv 

from which we deduce straightforwardly as before 

h,i,i < S{e) 



f{w) {wY 



9+7 



by using the control on (cos ^5/2 — 1) and Taylor-expanding / and (•)^. 
For the second term 7i i 2 we have 



hx2 < 




f{v) sgn{dy f ){w) \v-w\^ 



v,w J 5=0 



(/(T) + tan(5/2|w - w\ n) dn 



X cos - 
2 



-7-7V 



6r(cos5) sin^ ^ 6 dS dw dv 
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< est 



f{v) sgn((9^/)(w) \v - wp 



5=0 



XI / \dy[f {■)'') \[w + tan 6/ 2\v - w\n) dn 



X COS ■ 



6 



tan 5/2 6,. (cos 5) sin 5 d6 dw dv 



(the derivative taken on a sphere depending on v has been treated by taking local 
coordinates) from which we deduce 



/i,i,2 < S{e) \\dJh^^^. 



For the third term we have 



A,l,3 < 



2e 

v,w J 5=e J n^S^~''-n{v—w)-'- 

q 



dyf{v) sgn{dyf){w) \v — w\'^ + tan5/2|f — w\ nY f{w + tan(5/2|t> — w\ n) 



S\ -7-2 

X I COS - 

2 



br (cos 5) sin^ 5 dndS dw dv 
from which we deduce thanks to the cutoff (by coming back to the classical variables) 

/l,l,3<C,||9,/lUi 

(for some constant Ce blowing-up as e — ^> 0). 

These estimates (where we have used the boundedness of weighted norms like in 
dimension 2) enables to complete the proof of Theorem II .31 ffor hard and smoothed 
soft potentials) also in dimension bigger than 2. 

3.2. Non mollified soft potentials. We now prove Theorem 11.31 under assump- 
tions HI, H2 with u < 1 and H3-4. The additional difficulty here is the singularity 
of the collision kernel for small relative velocity. As pointed out in the proofs of 
stability estimates, this suggests to use some norm with p > N/ {N + •j) of /, in 
order to control some convolution terms of the form 



|V-D*|<1 



We first state a result showing that we are able to propagate norms of the 
gradient as soon as we have some time integrability of some and moments. 
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Proposition 3.1. Let B be a collision kernel satisfying assumptions HI, H2 with 
u < 1 and H3-4. Let f be a solution on [0,T] to the corresponding spatially ho- 
mogeneous Boltzmann equation M.l\] . Suppose that for p > N/ {N + 7) and q > 2, 
one has f G L\[0,T];Lp H ^^(R^)). Assume also that /(O, ■) G W^'\R^). Then 
/GL-([0,T];iyi'i(M^)). 



Proof of proposition m\ We compute (for q > 2) 



d 
di 



\dj\ {vYdv = I [fid J' + f'dj: - f^dj - fdj,] sgn{dj) {vYB 
[sgn(a,/)«) -sgn(a,/)(^;,)] f^dj {v^Y B 



< 



+ 



{f*\dJ{v)\ + f\dJM\) 



[{v'Y - {vY] 



B 



--: h + h 



The term I2 is immediately controlled by Lemma f2. II 



h<C\\dJ\\LA\\f\\L^ + \\f\\L.) 



for some constant C > 0. Then we focus on the term Ji and we split it as If + /[ 
according to the decomposition of the collision kernel B = Be + Br a.s before. 
We first note that (for some constant possibly blowing-up when e — > 0) 



[sgn(9,/)«) - sgn{dj){v,)] f^dj {v^YB, 



<Ce\\dJhimL^ + \\f\\L.)- 



Then, we only detail the treatment of the non cutoff case in the simple case 
when the dimension is = 2 (the case of dimension N > 2 can be treated like in 
Subsection 13. 11 where hard potentials are considered). Using the change of variables 
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v^, I— > w (for a given f , 6), we end up with 



/[ < 



M,giR2 Je=o 
X br(cos9 



sgn{d^f){w)dj'{v) {wY 

QX -2-7 



COS ■ 



— 1 f{w) \v — dO dw dv 



+ 



Q\ -2-7 

sgn{d^f ){w)d^f{v)br{cose) ( cos - 



X {fi'i^*{'v,'w,0)) {v^{v,w,6)Y — f{w) {wY} \v — w\^ d6 dw dv 



< est 



+ 



\9vf{v)\ {wY f{w) \v — wl"^ dw dv 



br{cOS I 



e 

COS - 

2 



-2-7 



e 

sm - 
2 



u,eR2 J0=o 

X f{v) \d^{f {■Y)\{v,{v,w,e)) \v-wpd9dwdv 

cos-1 f{v) 



+ I I I &r(cOS 



X w, 6')) (t;*(f , w, 6'))'' — /(w) |t; — ^dOdwdv, 

and we deduce (using Taylor expansion as before on the last term) 

/[< cst||5./|Uj(||/IU. + ||/lu/ 

which concludes the proof of the proposition by some Gronwall argument. □ 

Then, the norms can easily be shown to be locally propagated in time by direct 
energy methods: 

Proposition 3.2. Let B be a collision kernel satisfying assumptions HI, H2 with 
V < 1 and H3-4. Let f he a solution on [0, T] to the corresponding spatially 
homogeneous Boltzmann equation lil.l]) . Suppose that /(O, ■) G L^(M'^) for some 
p g]A^/(A^ + 7), +oo]. Then, there exists a time T* g]0,T] explicitly computable 
such that f e L°°([0,T*];LP(R^)). 

Proof of proposition \3.'A We compute for some N/ [N + 7) < p < +00 (and with C 
denoting a constant which does not depend on p) 

^ \f{t,v)\^dv = p [ ( f^-' f f* - f^ f*) B 



dt 
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< 



P 



<C{p-l] 



tt/2 
=0 



Jv,Vt,a \ / 
Jv,Vt,o- \P P / 



<{p-i) I {{fr-F]rB 

COS - 





/ /* 1^-^*1 




-'|d*-'u|<1 



<c{p-i) Ij^ c(^j{rr^ 

<C{p-l 



1 1 b{cose)de I FF\v-v*\ 

f* \v — v^\^ dv^ ] dv 

\vt~v\>l 

1/P r 
+ / /* 



1+1/p 

F] + I F 



(remember in theses computations that the colhsion kernel B is taken in symmetrized 
form Bgym with support in [0,7r/2]). As a consequence, 



>IU,<c(i-i 



LP + \\J liLP I, 



and we get also (passing to the limit when p — > +oo 

d 
dt 

This ends the proof of Proposition 



< c 



2 



□ 



Finally, the moments can be shown to be locally propagated, using the previous 
estimates in case of strong singularity at small relative velocity: 

Proposition 3.3. Let B he a collision kernel satisfying assumptions HI, H2 with 
u < 1 and H3-4. Let f be a solution on [0,T] to the corresponding spatially homo- 
geneous Boltzmann equation / ti.i)) . 

Suppose first that 7 + 1 > 0. Then for any q > 2, if /(O, ■) G L]^{MJ^), one has 
/eL-([0,T];Li(R^)). 



Suppose then that 7 + 2 > 0. Then for any q > A, if f{0,-) G Lg(M ), one has 



feL^{[0,T]-LW)) 
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Suppose finally that 7 + 2 < and /(O, ■) G Lp(M^) n L\{W^) for some N/{N + 
7 + 2) < p < +00, g > 4. Then, there exists a time T* g]0,T] explicitly computable 
such that f e L°°([0,T*];LP(M^) nLi(M^)). 

Proof of proposition We compute (for q > 2) 
d 



dt 



fit,v) {vYdv 



< 



{v'Y - {vY 



bda 



f f*\v- 



Using Lemma f2.H we get for q > 2: 

d 
di 

and for g > 4: 

d 
dt 

Hence this is controlled by 



f{t,v) {vYdv < est 



{vYdv < est 



-7, 1^+1 



{v.Y~' + {vY~'' fr\v 



q~2 



17+2 



est 



if g > 2 and 7 + l>0, org>4 and 7 + 2 > (which concludes the proof of 
Proposition 13.31 in those cases immediately by some Gronwall argument). It is also 
controlled by 



est 



LP 



with p > N/ {N + 7 + 2) if g > 4 and 7 + 2 < 0. This concludes also the proof of 
Proposition 13.31 in this case: using Proposition 13.21 we see that the L^(R^) norm of 
/(■) is uniformly bounded on [0, T*], where T* is the same as in Proposition EIH □ 

In order to conclude the proof of Theorem II. 3| it remains to prove that the 
estimate is global in time in the case when 7 G (— z/, 0]. 

In order to do so, we shall use the regularizing effect of non cutoff interactions. 
The entropy a priori estimate ensures that the entropy production associated to 
the solution / of equation is bounded in L^([0,T]) (uniformly with respect to 
T G [0, +00)). This means that 

r [ f*f iog(///') B < +00. 
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Since the entropy production is monotonous (increasing) with respect to the cross- 
section B, we see that 

/ / /*/log(///')max(5,l)<+oo. 

Using the resuhs in P, we get 

II v^llU(M<«) < ^« (1 + ll/lli^ 

By tracking the constant in the proof of this estimate, one finds C/j = cst/?l^l. Using 
a Sobolev embedding (remember that the Sobolev constant does not depend on R) , 
one deduces 

rp 

^ ||\/7||'2^/,iv-.)(|,|<«) dt < est (1 + T), 

and finally 

/ ||/|Liv/,.v-.)(|,|<^)rft<CSti?l^l(l+T). 

Jo 

We now use a dyadic decomposition of the velocity space. For any A; > 0, we have 

/ ll/llL'V/(^-')(2fc<|i;l<2fc+i) dt <C 2''l'^l (1 + T). 
^0 

Therefore, for any a G M, 

£ ll/IL-/(--'^)(2^<H<2^+i) dt < C2--' (1 + T). 
By summing this estimate for k = 0, . . . , +oo, we get when a > 0: 

(3.2) ^ ||/||^^./(.-.)(^,)rft<C(l + T). 

We now use the fact that 7 > — z/. Since in particular 7 > —2, we can use 
Proposition 13.31 in order to propagate the moments for any g > 4, and get 

(3.3) r \\f\\Lu^.)dt<Cil + T). 

Jo 

By interpolation between estimates ()3.2|) and ()3.3|) . we see that 

(3.4) / ||/|U,(i,iV)dt<C(l + T) 

for any 1 < p < A^/(A^ - u) (if /(O, ■) G with q big enough). But A^/(A^ + 7) < 
N/{N — u) (since 7 > — z^), so that we can take p > N/{N + '-/), and the assumptions 
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of Proposition 13.11 hold for all times. Finally, the required smoothness is global in 
time. 

Remark: Note that the threshold 7 = — z/ in this proof does not seem to be 
only a coincidence. Indeed, as explained in the introduction, for inverse power-laws 
interaction potentials in dimension 3, it corresponds to moderately soft potentials, 
that is potentials V{r) = r"** with s > 2. This critical value also corresponds 
to the threshold below which there is no spectral gap for the linearized operator 
(and therefore no expected exponential relaxation rate towards equilibrium), below 
which it is not known how to show slowly growing bounds on the moments (that 
is growing more slowly than exponentially), below which it is not known how to 
build global smooth solutions (as pointed out in this paper). Note that Fournier 
in also has the same threshold. 

An interesting issue to be explored is to relate this focus point of so many math- 
ematical difficulties to the physical considerations: the threshold s = 2 is called 
"Manev interaction" in the physical literature (see for instance 01 El), and a di- 
mensional analysis in 1^ shows that for s > 2, the Boltzmann collision term prevail 
on the mean-field term, whereas for 1 < s < 2, the Boltzmann collision term should 
be negligible in front of the mean-field term. 
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